REN LUYEN CHO HOC SINH THOI QUEN TONG QUAT VA TONG TU
QUA LOI GIAI MOT SO BAI TOAN
Nguvén Duy Thai Son
Trang THPT chuyénLé Quy Bon, Ba Nang

Bio cdo nay thie ra i noi dung cia mét biai giang chuyén dé ma 161 vira ti€n hinh (rong mot busi) cho khéi 11 chuyén Todn rong THPT chuyén Lé
Quy Dén thinh phé Pa Ning, vdi muc tifu li rén luyén hoc sinh thdéi quen téng qudt va tong fir, nhitng thao tic rit cin thigt rong céng tic nghién citu.

A. TONG QUAT HOA MOT BAITOAN TREN CAC LGIVUONG

Hinh hoc 6 hop 14 mot chi dé rdt hay doc quan tim tai cdc ki thi Vé dich Tedn cdc nédc ciing nh tai cdc ki thi Vé dich Todn quéc t&. Sau diy 1 mot
kigu todn khd phé bign lién quan dén cic 16i vuéng:
Bai todn I (bai 3, vong 4, ky thi V6 dich Toan Belarus 1999): C6 mdt nén ddt hinh vuéng véi kich thoc Tx7 doc chia thanh 49 6 vuéng don vi, vd cé ba
loai gach ldt nén:
-loai 1: gach cé bé mdt hinh vudng véi kich théc 1x1,
-loai 2: gach cé bé mdt hinh chit nhdt véi kich théc 3x1,
- loai 3: gach cé bé mdt hinh géc vudng, phii vita ba 6 vuéng don vi (xem hinh vé).
Giid sit Jerry cé mét vién gach loai 3 va vé so vién gach loai 2, trong khi Tom chi cé mét vién gach loai 1.
1. Chimg minh rdng Tom cé thé l4t vién gach cia minh lén mét 6 vudng don vi ndo d6 trén nén ddt dé Jerry khéng thé lit khit (tirc ld cde vién gach
khéng hé chéng lén nhau) toan bé phdn con lai ciia nén bdng 56 gach ma Jerry cé.
2. Gid sit Jerry cé thém mét vién gach loai 3 nita. Chitng minh rdng dii Tom It vién gach ciia minh o ddu trén nén ddt (mién sao vién gach dé phu
diing mét 6 vudng dom vi) thi Jerry ciing 6 thé ldt khit todn bé phdn con lai ctia nén bdng 58 gach ma ldn nay hdn cé.

Loai 1:

Loai2:

Loai 3:

Cdc loai gach Nén dat

Gial

1. Tom chi cin lit vién gach cia minh vio 6 vudng don vi doc dinh ddu x nh trong hinh v& déi d4y thi Jerry s& khong thé 14t khit toin bo phédn con lai
cua nén bing 56 gach ma Jerry cd.

That vy, hiy ddnh s6 cdc 6 vuéng don vicon lai cua nén dét theo cdch nh hinh v& di chira: ¢6 17 6 vuéng don vi
chita 56 0, 15 6 vudng don vi chita s6 1 v 16 6 vudong don vi chita s6 2. Gia sit Jerry 14t khit doc toin bd phin con
lai cia nén bing s6 gach mi hin cd. Khi dé, méi vién gach loai? cia hin cdn phu diing ba 6 vuéng don vilién ti€p
nhau mén moét hing hodc rén mot cot, nghia & phu mét 6 vuéng don vi chita 56 0, mét 6 vudng don vichida s6 1 va
mét 6 vuoéng don vi clifa s8 2; vi the, vién gach loai 3 cua Jerry phai phu hai 6 vuéng don vichida 56 0 va mot 6
vudng don vichita s6 2.

Trdc hét, tit d6 ta suy ra: Jerry khong thé 1t vién gach cé bé mit hinh gdc vuéng niy theo vi ti cia cic “chit™ B
hay . That viy, kifm tra tnrc ti€p, ta thay: & vitmi| hay |, vién gach s& phil ba 6 vuéng don vi chifa ba s6 khéc nhau:
con o vi tri J. vien gach s& phu hai é vuéng don vichita s6 0 va mdt 6 vaudng don vi chifa s6 1, hodc hai 6 vudng don
vichita s6 1 vi mot 6 vuéng don vi chita s6 2, hodc hai 6 vuéng don vichita s6 2 va mot 6 vudng don vichiza s6 0;
nghia 13, déu khéng dat yéu cdu.

Cudi ciing, vién gach dé ciing khéng the ¢é vi i coa chit [, b&ivi: néu mét cich lit nh the gnip Jerry dat doc muc dich thi phép d6i xing qua cdt chiza
vién gach cua Tom s& cho Jerry mét cdch lit khic ciing dat doc muc dich, nhng - theo cich lit m&i ndy - vién gach c6 bé mat hinh gdc vudéng lai ndm o
viti |, méu thuin v6i nhin xét ma ta vita mit ra & doan trén! Méu thudn dé chiing t6 ring Jerry khéng thé 14t khit toin bo phdn con lai cia nén bing s6
gach ma Jerry co.

Vi phong phap nh trén, ta co the giai doc baitodn tong quat sau day:

Bii todn I.1(n): Cho n la mét 56 nguyén dong. C'é mét nén ddt hinh vuéng véi kich théc (6n+1)x(6n+1) doc chia thdanh {ﬁﬂ+1)2 6 vudéng donm vi, va cé ba
loai gach ldt nén:

- loai 1: gach cé bé mdt hinh vudng véi kich théc 1x1,

- loai 2: gach cé bé mdt hinh chit nhdt véi kich théc 3x1,

- loai 3: gach c¢ bé mdt hinh goc vuéng, phu vita ba 6 vuéng don vi.

Gid sit Jerry cé mét vién gach loai 3 vd vé sé vién gach loai 2, trong khi Tom chi ¢6 mét vién gach loai 1. Chitng minh rdng Tom ludn cé thé ldt vién
gach ciia minh lén mét 6 vudng don vi ndo dé trén nén dat dé Jerry khéng thé lat khit todn bé phdn con lai cua nén bdng 56 gach ma Jerry cé.
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Loi giai (goi ¥): Véimdi i j nguyén ma 1<i, j=6n+1, ldy 4, 13 phin d trong phép chia i+ j+1 cho 3. vi dién s6 2;; vio 6 vudéng don vio hing
thit ; (tinh it trén xudng ddi), cot thit j (tinh 6 rdi qua phai) cua nén dit. Tom chicédn lit vi#n gach cua minh vio 6 vudng don vi 0 hing thit 6n—1,
cot thit 3, +1 (cot d61 xing cua nén d4t). Do 44,2, =1. phin cdn laicha nén s& bao g6m 124° + 4p +1 6 vuéng don vichita s6 0, 124° + 4y —1 O
vuong don vichita s6 1 vd 12,42 + 45 6 vuéng don vichita s6 2. Céc lap luin ti€p theo hodn todn gidng cic lip ludn trong 161 giai bai todn .1,

2. Biy gid, ta giai mot bii todn tong quat khic:
Béi todn L.2(m): Cho m ld mét s8 nguvén dong. C6 mét nén ddt hinh vuéng véi kich thée (3m+1x(3m+1) doc chia thanh {3m+1}2 é vudng dom vi, va cé
ba loai gach ldt nén:

-loai 1: gach cé bé mdt hinh vudng véi kich théc 1x1,

-loai 2: gach cé bé mdt hinh chit nhdt véi kich théc 3x1,

-loai 3: gach cé bé mdt hinh géc vudng, phit vita ba 6 vudng don vi.
Gia sit Jerry cé hai vién gach loai 3 va vé s6 vién gach loai 2, trong khi Tom chi cé mét vién gach loai 1. Chitng minh rdng du Tom ldt vién gach cua
minh ¢ ddu trén nén ddt (mién sao vién gach 46 phii dimg mét 6 vudng dom vi) thi Jerry ciing cé the ldt khit todn bé phdn con lai ctia nén bdng 58 gach
md hdn cé.

(m=1)

L&l giaicua baitodan L2(m):
Goi A, 13 nén d4t hinh vuéng c6 trong dé todn, con A__, 1& hinh vuéng con v6i kich thdc [3(m —1)+1]x[3(m—1)+1] bao gém cic 6 vudng don vi

trong A_ c6 s6 thit oy hing va s6 thit oy cot khéng vot qud 3(m—1)+1. Khi m =1, ta s& xoay hinh vuéng A, quanh tim cta né (sau dé, d6i chiéu
dem thit oy cdc hing, cdc cot mong A_) néu cdn; vi vy, ¢ the gia sir vién gach cia Tom nim trong A__,: hon nifa, ta ciing d& ding thiy ring: chi diing
cic vién gach loai 2, Jerry cé the lit khit doc todin bd A " A | (xzem hinh v&). Vi the€, bing quy nap, ta da béi todn vé rong hop 5 =1:

A 13 mét hinh vudng cé kich thdc 4x4. Néu cdn ta s& xoay hinh vuéng A réi d6i chifu d&€m thit nr cic hing, cic cot cia nd, ta cb the gia su vién
gach cua Tom nidm trong hinh vadng 4 c6 kich théc 2x2 bao gém cic 6 vudng don vicd s8 thit or hing va s6 thit o cot khong vot qud 2. Chi ding mét
vién gach loai 3 va ba vién gach loai 2, Jerry c6 thé lit khit doc toin b A, ' A (theo cich nh hinh v&). Vién gach loai 3 con lai s& doc Jerry sit dung dé
lat khit ba 6 vudng don vicon trdng trong 4

Bii todn dgc gial quyét tron ven trong triing hop m =1, va do d6 ca trong trémg hop , bt ky.
Bai tap
Gidi (v tong quit hod) bii todn sau diy (bai 4, ki thi Vé dich Todn Ireland 1999): Nadi ta phdi ldt gach cho mét san nha hinh vuéng vai kich théc
100x100 va chi sit dung loai gach cé bé mdt hinh chit nhdt véi kich théc 3x1 (mdivién phii vita ba 6 vudng don vi trén san nhd).

1. Taitdm sdn nha, khoét mét hinh vudng véi kich thée 2x2. Chimg minh rdng phdn con lai cua sdn nhd cé the doc ldt khit bai loai gach dd che.

2. Tai goc sdan nha (thay vi tai tdm san nha), khoét mét hinh vuéng vai kich théc 2x2. Chitmg minh rdng khéng thé ldt khit toan bé phdn con lai clia

sdn nha bdng loai gach di che.

B. TONG TU HOA MOT BAITOAN LONG GIAC

Trong muc nay, trdc hét, ta xét mot bai toan long gidc khéng qua khé (nhng kha hay), nh sau:
Bii todn IT (tir mot dé thi Vo dich Todn Romania 1996): Cho xvad v la hai 56 thuee. Chitng minh rdng néu 5= {Cﬂﬂ{qﬂf}*‘ CUE{Q‘}"-'T” q < E} la mét tdp

ho'p hitu han, thi xvd v déu la cdc 56 hitu .
L&i giai (nhifu hoc sinh d3 giai doc theo cach nay): Dé don gian, dit
a, = coslgxr), b, = cos(gyr) (g € Z).

Tit cong thitc tinh cosin cua géc nhin d61i, ta cd
VgeZla, +b,f +la,—b,f =2la +b2)=2+a,, +b,,. (1)
Nhng
1 . 5 4 N 1 4 \ 4 N
a, :E[[fﬂ-:;l +'E]-:;u]+[fﬂ-g _'EJ-:;I;]]'- 'EJ:;I :E[[fj-:;l +bqa]_[~ﬂ:;l _bq,]]'-
nén (1) cho thay, khitap S=1a, +5,| g €Z} hitu han, tip 1, — b, | € Z} va do d6 cic tip 1, | 9€ ZL ¥, | g € Z} ciing hita han. Vay, ton tai
x L X= 2k Q.
q,.9, EN v6i q, #q,, 4, =4, titd6, tim doc ) =7 dé g, ¥ q, Tong o, tacéd ¥ €Q (dpcm).

Dé thdy tinh hitu ti coa x va v ciing 13 diéu kién da d& tp {C'JS{QIT[}+C'35{'—T}'“}| q e E} hitu han. Mét cich tr nhién, d&i diy ta cé the dit mét s6 bai
todn tong or:
Baitodn II: V&i  va v la hai sé thuc, xét tdp hop

o |

$= {sin{qxﬂt} + 51'.:1{@}=T[}| qE I}.
Hay tim diéu kién cdn va du (61 véi cde 56  va ¥) dé § la mét tdp hop hitu han.
Giai: Ta s& chitng minh ring difu kién cin va da dé 5 hitu han 1a:
BkeZ.x+v=2k)v(xeQAayeQl 2)
Digu kign d6 thi khéng qud bit ngd, nhng ciing dir bdo doc ring phong phdp giai mi ta sip sit dung s& khong the hodn toin gifng mic.
Lin nay, ta kf higu @, :=sin(gxm). b, :=sin(gv7) (g € Z).
1) Diéu kién dii- R rang, khi x+y =2k, v6i k  Z, thi st c6 b, =sin(2kgm—gxm)=—a, (Vg€ Z): ngn A=1{0} 12 mét tap hitu han.

Béy gio, gia sit x€Q vd yEQ. tiic 14 t6n tai m.n, pEZ. m >0, ma x=n/m, y=p/m. Khidé, v6iméi ¢ € Z. ta tim dgc céc s6 k.r € Z sao

{ﬂq =sin(2knT+ rxm)=a,
cho 0=r <2m,g=k2m+r; suyra b, = sin(2kpn+ryn)=b,. Vay 5= {a +b, | re [0: 2m ) Z} ciing 15 mot tip hitu han.

) Didu kisn cdn: Gia sit s hita han. Dat M:={geZ|a +b, #0}a Pi={a b | g M} Tir cong thiic tinh sin ciia géc nhan ba, ta thay
(VgeZ):

. N 1 . ‘3 1 , \ 1 4 2
aqbﬂ [ﬁag +£JQ f]:E[mﬂ'? +‘E]¢;-,] —E[:ﬂq +E1¢ ’]+E[‘ﬂ;‘? +E13qf]:
suy ra P 13 mét tip hitu han. Mit khic, ing v6imdi g € A, thi 2, vi b, 13 cdc nghiém clia mét phong tinh bic haicé dang t° —st+ p=0, wong
d6 s=a,+b, €5, p:=ab, € P. Chicé hitu han phong trinh nh thé, nén {aq| 4q E-"ﬂ} Vi &3.@ | qc -‘ﬂ} déu 1 cdc tip hitun han. Thanh thi:

1. Ehi g v6 han, atténtai q,.9, € ¥ C Z,q, #4,, saocho 4, =4, nghia 1,

Siﬂlzfi'rﬂ[:l = 5111(@‘: ﬂ]

= dked,x= e VIX= Stesd (g, +g, =0)
q, —4; q, T4,
— xe ).
Tong tr, ¥ € Q, nic 1a cd (2).
2. Khi g hitu han, t6n tai g, € N sao cho
VgeZqg>q,= 51'.:1[qu[1|+ siﬂ(q_ﬁ;ﬂ] =4
= Esin[% (x+ }']“.II:| - cas[% (x— }}J‘[:| =0
x+y=2k /q
=3k e Z, , i (3)
. x—}==[~2kg+la]a'q.
2 ¥ 2k 1
e E—P= = . 2 . .
Bdy gio, xét thy Y mdt s6 ¢ € L ma g > q,. Ta c6 nhin xét: khéng thé xay ra ong hop % g+1 q boi vi mong hop nay s& dan

dén nghich Iy
(g +1)2k, +1)=q(2k,., +1)
(mét trong hai v& cioa dang thitc d6 13 mot s6 nguyén chin, rong khiv& kia 13 mot s6 nguyén le)! Dé hoin thinh viéc chitng minh (2), ta ¢d thé xem
ring x€QvyeQ:khi 46, x+y€Qvx—y£€Q: vi the theo (3), vi theo nhin xét vita néu, ta chl con phai nghién cim twdng hop
T 2% -2k
i - B ANY BT v =t L=, LT Bt
g+1 g machinh lic nay, ta co lg+1)—g voi k =k, —k, € Z: nghia 1 c6 (2), dpem.

Baitodn IV: Véi  va ¥ la hai 56 thuee, xét tdp hop

-

X+ =

-

Fi= {CGE{Q‘IT[}-F 5h1{q3.‘1lt}| qE E}
Hay tim diéu kién cdn va du (d6i véi ede 56  va v) dé § la mét tdp hop hitu han.
Giai: Dat a, i=coslgxm). b, :=sin(gy7) (g € Z). Trong bai todn nay, nhd cé bao him thiic
la,+b|qeZl=1a,-b,|qcZ}

ta thiy: S 12 mot tip hitu han khiva chikhi ¥, | 2€ Z}va ¥, | 7€ Z} d8u B céc tp hitu han. Tir d6 suy ra difu kien phiigm B e Q Ay e Q.
Tuy nhién, v§i baitodn sau, tinh hinh s& khéng con don gian dén nh vay:
Bai tip
Vi ¢ va ¥ la hai s8 thue, xét tdp hop 5 = {CUE[QIT[} +sin(gym)| g € 3‘;}- Hday tim diu kién cdn va dui (déi véi cde 56 « va ¥) dé § la mét tdp hop
hitu han.



